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Coherent phonon transport is regarded as a promising strategy for controlling thermal properties in solids using
the wave nature of phonons. However, no clear distinction between the spatial and temporal phonon coherence
has been accounted for and a formalism that quantifies these two effects is still to be found. In this work, we
propose a statistical approach for calculating the spatial and temporal coherence spectra using molecular dynamics
simulations. We provide a microscopic assessment of these properties and we theoretically demonstrate that,
while temporal and spatial coherence can be analytically related under specific conditions, they represent two
characteristic lengths that set apart different physical effects. The former is associated with the phonon mean free
path while the latter can be regarded as a measure of localization, representing the spatial extension of phonon
wave packets. This provides a framework to engineer heat conduction in solids by quantitatively revealing the
wave/particle nature of the vibrational modes.
DOI: 10.1103/PhysRevB.95.214310
I. INTRODUCTION
The concept of mean free path, which was first introduced
by Clausius [1] in 1857, remains essential nowadays to
formulate a microscopic description of heat conduction. In
dielectric crystals, phonons, which correspond to collective
excitations of atomic nuclei under the form of vibrational
modes, are the main energy carriers. In bulk materials, the finite
value of their mean free path is dictated by multiple-phonon
processes arising from the nonlinear atomic interactions [2].
Such a particlelike description of heat conduction in solids,
formulated in the light of the Boltzmann transport theory
introduced by Peierls [3], has allowed to tailor the thermal
properties of materials with dimensions below the bulk mean
free path. This has opened a window into a wide range of
applications, including energy harvesting [4,5] or thermal
management [6,7].
It is interesting to note that, although the particle aspect of
phonons is well handled [8–12], there remains plenty of room
for progress in engineering thermal properties of solids through
the wave nature of heat conduction. Localization phenomena
in disordered materials is a broad research topic [13–23]
where interference phenomena are central. The proportion of
vibrational modes affected by localization is still an ongoing
work, which requires to take into consideration the wave nature
of the atomic motion. In addition, recent advances in materials
science have allowed to engineer the density of states and the
group velocity of thermal phonons via interference phenomena
in superlattices [24,25] (SLs). Both experimental [26–30] and
numerical [31–43] works stated the importance of coherence
on the thermal properties of SLs, as both a wave and a particle
description of phonons are necessary to explain most of the
results. So far, no clear theoretical framework has allowed to
establish quantitatively to what extent phonon modes transit
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from a pure plane-wave behavior toward a diffusive pointlike
particle.
To address this problem, we propose to revisit heat
conduction in solids from the angle of spatial and temporal
coherence of atomic vibrations. From the statistical approach
based on equilibrium molecular dynamics simulations, we
demonstrate that the study of coherence reveals characteristic
length scales that allow us to form a complete description
of the various transport regimes that occur and sometimes
coexist in any crystal. In a first discussion, we demonstrate
that a finite temporal and spatial coherence originate from
the nonlinearity in the lattice and correspond respectively to
the mean free path and to the distance by which interference
effects appear. In addition, we show that the spatial coherence
represents a measure of localization of the atomic motion,
representing the spatial extension of phonon wave packets.
Hence we introduce a complex wave vector and frequency
to extend the description of the phonon dispersion relations
to nonlinear crystals. We next investigate heat transport in
one-dimensional SLs to present ballistic transport, interface
scattering, and confinement from the point of view of the
spatial and temporal coherence. We finally generalize these
results to bulk materials (single-layer suspended graphene) and
validate our approach by comparison with recent experimental
measurements.
II. SPATIAL AND TEMPORAL COHERENCE
OF THERMAL PHONONS
A. Theoretical framework
Coherence is related to the persistence of a physical process
which can be captured by means of correlations [44]. By
adopting a statistical approach, we have related the thermal
fluctuations of the atomic velocities to the spatial and temporal
correlation of heat waves in a d-dimensional crystal with nuc
atoms in the unit cell. { ai}i∈{1,d} are the primitive vectors of
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the Bravais lattice. We note R0k =
∑d
i=1 c
k
i ai , with cki ∈ Z,
the position of the cell i. { bi}i∈{1,d} are the primitive vectors
of the Brillouin zone. v(ti , R0j ,b) corresponds to the velocity
of the atom b in the unit cell j at time it . By assuming a
stationary field, a mutual coherence function T (τ, R0k , R0l ) can
be constructed. It corresponds to the time cross-correlation of
the velocity field at R0k and R0l :
T
(
τ, R0k , R0l
) = 1
2
nuc∑
b=1
mb
〈v(t, R0k ,b)v(t + τ, R0l ,b)〉t , (1)
where 〈. . . 〉t stands for the time correlation operator. The factor
mb/2 is used to have the same form as a kinetic energy. The
cross-spectral density function is defined as the time Fourier
transform of the mutual coherence function:
T
(
ω, R0k , R0l
) = 1
2
nuc∑
b=1
mb v∗
(
ω, R0k ,b
)v(ω, R0l ,b), (2)
where ∗ corresponds the complex conjugate. The system is
observed at equilibrium, so the field is homogeneous. We
introduce an additional operator, which in addition to including
the temporal cross-correlation of the velocity also assumes the
spatial one. The spatial correlation direction, noted R, belongs
to the Bravais lattice. Thus we have
T (ω, R) = 1
2
nuc∑
b=1
mb 〈v∗(ω, R0,b)v(ω, R0 + R,b)〉 R0 , (3)
with 〈. . . 〉 R0 , the spatial cross-correlation operator.
Finally, the spatial Fourier transform of T (ω, R) gives the
spectral energy density, as proved in Ref. [51]:
T (ω,k) =
∑
ν
1
2
|q˙(ω,k,ν)|2, (4)
where q˙(ω,k,ν) corresponds to the time derivative of the
normal coordinates of the mode (k,ν) and ν denotes the branch
in the dispersion relations.
B. Spatial and temporal coherence in anharmonic materials
Using the previously established theoretical framework, the
effect of the anharmonicity on the coherence properties of a
crystal is illustrated using molecular dynamics. For the sake of
clarity, we consider a one-dimensional SL, composed of two
diatomic chains, named A and B, as depicted on Fig. 1. We
use a Lennard-Jones potential E(r) [45] to include anharmonic
interactions in the system:
E(r) = 4
[(
σ
r
)12
−
(
σ
r
)6]
, (5)
with  = 5 Ar and σ = σAr . The same potential parameters
are applied to all the atoms of the superlattice; only their mass
differs. For material 1, m1 = mAr and m2 = 2mAr , where mAr
is the atomic mass of the argon atom. For material 2, m3 =
3/2mAr and m4 = 3mAr . The shortest superlattice period dSL
corresponds to the stacking 1212 and is equal to 1.54 nm. For
illustration, the superlattice with dSL = 6.16 nm has a stacking
11112222. The molecular dynamics time step is set to 3 fs. The
FIG. 1. Presentation of the one-dimensional superlattices com-
posed of materials 1 and 2 and its dispersion relations computed from
the spectral energy density when the period thickness dSL is equal to
1.54 nm. The letters A, B, and C on the dispersion relations label the
simulated wave packets.
structure is first relaxed in the NPT ensemble for 107 steps at
0 bar. The equilibrium distance between atoms, noted a, is
equal to 0.382 nm at 10 K. Then, the simulations are done
in the NVE ensemble and the velocities are saved every 64
steps during 2 097 152 steps. An average on 20 independent
simulations was done to compute the spectral energy density
and the cross-spectral density function. Figure 1 presents the
dispersion relations of this one-dimensional superlattices with
dSL = 1.54 nm, computed from the spectral energy density.
We present in Fig. 2(b) the impact of the interatomic
potential anharmonicity, as shown in Fig. 2(a), on the spectral
energy density T (ω,k) of this one-dimensional superlattice.
For clarity reasons, only the low-frequency part of the acoustic
branch is represented. In the harmonic approximation, the
phonon dispersion relations have a discrete structure composed
of Dirac functions, which tends to a widthless continuous
curve for an infinite system. The nonlinear interactions due
to the Lennard-Jones potential lead to a broadening of both
the frequency ω and wave vector k energy distribution. We
now focus on a single mode (k0,ω0) of this dispersion relation.
When looking at the cross-spectral density function T (ω0, R)
in Fig. 2(c), we conclude that the corresponding wave of this
mode is delocalized in the harmonic approximation whereas
in the anharmonic case, T (ω0, R) decays exponentially as the
two point correlation distance increases. This decay defines
the spatial coherence length lc(ω0).
When the Lennard-Jones potential is truncated at the
second-order [harmonic approximation as shown in Fig. 2(a)],
the spectral energy density T (ω0,k) should exhibit a Dirac
profile along the wave-vector axis, as it is depicted in
Fig. 2(d). This Dirac profile corresponds to the spatial Fourier
transform of the plane wave. When the anharmonic potential
is considered, T (ω0,k) possesses a Lorentzian profile, with
the full width at half maximum corresponding to the spatial
coherence length. There is a significant advantage of choosing
the cross-spectral density function over the spectral energy
density: one does not require the explicit knowledge of
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FIG. 2. Spatial coherence of thermal phonons in anharmonic materials. (a) Anharmonic Lennard-Jones potential (blue) vs harmonic
approximation (red). (b) Spectral energy density T (ω,k) of the one-dimensional SL chain with dSL = 1.54 nm at T = 10 K for low-frequency
modes of the acoustic branch. In the harmonic crystal, T (ω,k) reduces to a line (red), whereas in anharmonic systems, a frequency and wave
vector broadening appear. The color map represents the intensity of the spectral energy density, from low intensity (dark blue) to high intensity
(dark red). (c) Cross-spectral density function T (ω0,R) computed from molecular dynamics for the mode (ω0,k0) with an exponential decay
dictated by the spatial coherence length lc(ω0) in the anharmonic system (blue) and the harmonic one (red). (d), Wave vector dependence of
the spectral energy density at ω = ω0 showing a width related to the imaginary part of the wave vector.
the eigenvectors to measure the spatial coherence length,
which explains the difference of the spatial coherence spectra
obtained with T (ω,R) and T (ω,k) later in the manuscript.
This first statement leads to an important conclusion: in
realistic nonlinear lattices, phonons are not simple delocalized
plane waves with an infinite spatial coherence length but
rather wave packets with a finite spatial extension, as it has
been recently experimentally demonstrated [46]. In a similar
fashion, the temporal coherence can be estimated from the
frequency broadening of the spectral energy density. It allows
us to extract the phonon relaxation time, which corresponds to
the inverse of the mean free path (ω0) divided by the phonon
group velocity. Again, due to the anharmonic nature of the
lattice, phonons have a finite relaxation time. In this paper, we
argue that these finite lengths (,lc) reflect the particle and
wave nature of phonons when compared concomitantly to the
system characteristic length.
A complete theory of phonon coherence has never been
introduced so far. To properly capture those novel length
scales in nonlinear lattices, we propose to introduce an
imaginary part to the frequency [47–49] ω = ω0 + iIm(ω)
and the wave vector k = k0 + iIm(k) for each mode. The
spatial coherence length is defined as lc(ω0) = 1/[2Im(k(ω0))]
and the mean free path as (k0) = vg(ω0,k0)/[2Im(ω(k0))],
where vg(ω0,k0) corresponds to the group velocity of the
mode (ω0,k0). This generalization encompasses the harmonic
approximation, where only the real partsω0 and k0 are nonzero.
Previous works [31,50] have addressed the importance of the
spatial coherence but both of these pioneer works present only
part of the elements to form a complete theory of phonon
coherence because of a confusion between the temporal and
spatial coherence.
III. COMPARISON BETWEEN THE MEAN FREE PATH
AND THE SPATIAL COHERENCE LENGTH
A. One-dimensional superlattices
To differentiate the physics captured by the spatial and
temporal coherence, we have compared the phonon mean
free path  and the spatial coherence length lc for the 1D
SLs previously presented for different period thickness. The
number of atoms is kept constant at 8 000 when changing the
superlattice period in order to keep the same number of modes
in the system. For a period of dSL = 1.54 nm, Fig. 3(a) shows
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FIG. 3. Temporal (blue) and spatial (red and black) coherence
in the SL with dSL = 1.54 nm. (a) Comparison of the phonon mean
free path  and the spatial coherence length lc computed from the
spectral energy density T (ω,k) and from the cross-spectral energy
density T (ω,R). The spatial coherence length and the mean free
path describe the coherent and incoherent regimes. The discrepancy
between T (ω,R) and T (ω,k) indicates that the assumption of a SL
Brillouin zone is no longer valid as nonlinear modes are observed in
the frequency gaps. (b) The spatial coherence length and the mean free
path also describe additional transport regimes, such as quasiballistic
transport or standing waves.
that the spatial coherence length of the low-frequency phonons
matches their mean free path: the spatial extension of these
modes thus corresponds to the distance between two successive
scattering events. It is demonstrated analytically (as Ref. [51])
how lc and  are associated. Provided that Im(ω)  Re(ω)
and Im(k)  Re(k), the relation vg = Im(ω)/Im(k) can be
obtained, corresponding to (ω) = lc(ω). The distance lc = 
is much larger than the SL period dSL, indicating that the
transport is ballistic (i.e., insensitive to reflection/transmission
at the interfaces). Interestingly, at the edge and center of the
first Brillouin zone (0.6 and 1.0 THz), we have observed
two giant spatial coherence lengths much larger than the
superlattice period. The corresponding  falls to zero. This
is consistent with the expected behavior of a standing wave
[as highlighted in Fig. 3(b)] characterized by a nonzero spatial
extension associated with a nonpropagative behavior. It reveals
that spatial coherence can persist over distances as large as
the system size (at 1 THz) in absence of any energy trans-
port. Consequently, temporal (respectively, spatial) coherence
supplies a complementary information qualifying the particle
(respectively, wave) behavior of a phonon. Coherence should
be sometimes disconnected from the concept of ballisticity. In
the same line, Fig. 3(b) reveals the presence of phonon modes
lying in the band gaps, with coherence lengths smaller than
the SL period thickness. Here, the assumption of a SL phonon
dispersion no longer holds. Considering that these modes are
in a diffuse regime, their mean free path corresponds to one
of the two materials in contact. In this incoherent regime, 
and lc have to be calculated for each material. In our system,
both materials exhibit very close lc and an averaged value has
been considered for the sake of the figure clarity. It should
be mentioned as well that the acoustic mismatch also leads to
evanescent waves. They form another class of nonpropagative
modes spotted by a short (subperiod) spatial coherence length.
We have observed that the spatial coherence length does not
depend on dSL over the whole spectrum. However, dividing lc
by dSL [Fig. 4(a)] points up a frequency domain in which the
spatial coherence length is smaller than the period thickness
(lc/dSL < 1). When increasing dSL, this frequency domain
increases as well. Consequently, the distance between two
interfaces forming the SL becomes progressively larger than
the spatial extension of the phonons modes: reflection and
transmission at the interfaces eventually occur. The calculation
of the participation ratio (in the inset) shows that a smaller
fraction of atoms in the unit cell of the superlattice is
participating in the vibration modes when increasing dSL.
This result is more pronounced at high frequencies, which
is consistent with a broader spectrum of incoherent modes
when increasing dSL. This corresponds to the transition from
a coherent to an incoherent transport.
To visualize the different phonon transport regimes in these
1D superlattices, we have visualized the temporal and spatial
structures of coherent and incoherent wave packets using
wave packet simulations [52,53]. We chose the superlattice
with period thickness dSL = 1.54 nm. To generate these wave
packets, we start from the equilibrium structure of the chain
and initially displace each atom along the x direction as
uxl,b(t = 0) =
1√
Mb
Qk0,ν
x
k0,ν,be
ik0(xl−x0)e
− (xl−x0)2
lc (ω(k0 ,ν))2 , (6)
where (l,b) refers to the bth atom in the lth unit cell (at
the position xl) of the chain with a mass Mb and Qk0,ν
to the amplitude of the wave. The spatial extension of the
wave packet is usually a free parameter in this type of
simulation. The eigenvector xk0,ν,b is computed from lattice
dynamics. We argue here that the spatial extension is dictated
by the spatial coherence length of the mode lc(ω(k0,ν)). Here,
we set Qk0,ν = 10−5 ˚A. The initial velocities are computed
following the standard procedure described elsewhere [53].
We have chosen three modes in the dispersion relations,
labeled A, B, and C in Fig. 1. The properties of each wave
packet are given in Table I. Movies of these wave packet
simulations are provided in Ref. [51]. The wave packet A
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FIG. 4. (a) Dependence of the spatial coherence length lc nor-
malized by the period thickness dSL with dSL. When lc  dSL, the
transport of the modes is coherent. The dashed lines indicate the
frequency cutoff above which the transport becomes incoherent for
each SL. The inset provides the participation ratio for each dSL.
(b) Wave packet dynamics simulations (mode A, B, and C in Fig. 1),
respectively, illustrate the ballistic coherent transport, the interface
scattering and the coherent standing mode.
represents a low-frequency phonon, which has been previously
identified as ballistic in Fig. 3(a). The wave packet dynamics
simulation [Fig. 4(b)] reveals a structure spreading over tens
of periods that remains stable over time and confirms a
ballistic transport. On the contrary, the optical mode (wave
TABLE I. Properties of the wave packets simulated in the 1D
superlattices.
Wave packet k0 (2π/dSL) ω/2π (THz) lc (nm)
A 0.034 0.046 105
B 0.1 1.04 1.8
C 0.5 0.60 6
FIG. 5. Local density of states of phonons for the SL with dSL =
6.16 nm. In the coherent regime (below 0.12 THz on the left), phonons
are delocalized over several tens of periods. A zoom at the top-right
part of the figure depicts this spreading. In the incoherent regime
(above 0.3 THz on the right), energy confinement can be observed in
each layer of the SL as well as at the scale of a single atom (inset).
packet B) exhibits a coherence length close to dSL. With
an initial negative group velocity direction, the wave packet
undergoes multiple reflections and transmissions at interfaces,
leading to a complex interference pattern with thermal energy
propagating in both directions. We have finally turned to the
case of the acoustic mode at the zone edge (wave packet C),
characterized as a standing wave with a coherence length much
larger than dSL. The simulation clearly reveals such a behavior,
originating from the sum of two counter-propagative modes.
To end this analysis, we would like to confront the spatial
coherence spectra to the local density of states (LDOS)
of phonons to visualize how coherence is related to the
spatial distribution of thermal energy. The diagonal elements
of the cross-spectral density function already contains the
information about the LDOS. Figure 5 distinguishes the
phonon LDOS in a SL of dSL = 6.16 nm for the coherent
and incoherent frequency bands. The low frequency phonons
(below 0.12 THz) have been identified as ballistic and coherent
and we observe a periodic localization of the thermal energy
spreading over tens of SL unit cells (see the magnification on
the right-hand side of the figure): this clearly indicates a wave
behavior of these low frequency modes, which is consistent
with the large wavelengths involved (∼30dSL). These modes
are insensitive to the interfaces as λ 
 dSL but also because
lc 
 dSL. Regarding the incoherent domain (above 0.3 THz),
the LDOS allows to visualize two different length scales of
energy confinement. The first one corresponds to a half period:
each of the two materials forming the SL have different LDOS
and part of the energy remains trapped in each layer leading to
a Kapitza description of the interface resistance. At a smaller
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FIG. 6. Presentation of the single-layer graphene. (a) Atomistic
structure of the single-layer graphene with the primitive vectors a1
and a2 and a snapshot of the sheet during the molecular dynamics
simulation. (b) Dispersion relations in the M direction for the single-
layer graphene from the spectral energy density.
scale (inset in the incoherent regime), the LDOS indicates
another scale of energy confinement corresponding to the
interatomic distance a at the highest frequencies. This analysis
of the LDOS is fully consistent with Fig. 3(b) for the modes
with a localization length lying between a and dSL.
B. In single-layer graphene
To further generalize these results, the coherence of thermal
phonons has been investigated for a suspended graphene
monolayer and compared to recent experimental measure-
ments of the spatial coherence length [54]. Single layer
graphene was simulated using the optimized Tersoff potential
[55]. Figure 6(a) shows the hexagonal structure of the graphene
monolayer. The size of the simulated layer is 200 unit cells
along each of the primitive vector a1 and a2. As large spatial
coherence lengths are expected in graphene, the temperature is
set to 1500 K to obtain a dominant coherence length tractable
FIG. 7. Temporal and spatial coherence in a single-layer graphene
at 1500 K. (a) Comparison between the mean free path and the
spatial coherence length for all the modes in the M direction. The
experimental measurement has been done by Katayama et al. [54].
(b) Comparison between the mean free path and the spatial coherence
length for the transverse optical (TO) branch in the M direction.
considering the system size. The molecular dynamics time
step is 0.5 fs. The velocity field is registered every 16 steps,
during 131 072 steps. Twenty independent simulations were
carried to get statistically satisfying results. We note that data
for the spatial coherence length are more scattered than for
the mean free path due to the limited wave vector resolution
(100 points for the wave vector resolution against 4097 points
for the frequency resolution). Figure 6(b) presents the phonon
dispersion relations along the M direction computed from
the spectral energy density.
Figures 7(a) and 7(b) compare the mean free path and the
spatial coherence length in the M direction of the Brillouin
zone. As observed for the case of SLs, the similarity between
the mean free path and the spatial coherence length spectra
is remarkable. Most of the high group velocity modes have
a spatial extension comparable to the distance over which
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they propagate without scattering. As it is highlighted in
Fig. 7(b), the transverse optical (TO) branch exhibits a mean
free path which tends to zero at the center and the edge of
the Brillouin zone. The spatial coherence length converges to
a value close to the lattice parameter (2.492 ˚A), which plays
the same role than the SL period in the previous systems.
Again, spatial and temporal coherence deviate from each other
when the group velocity of the branch tends to zero. Katayama
et al. [54] have reported a spatial extension of thermal optical
phonons near the K point in the Brillouin zone of about 6
nm for a single graphene layer. As this experiment generates
a highly nonequilibrium distribution of phonons, the system
temperature cannot be defined, making this comparison only
qualitative.
IV. CONCLUSION
In summary, the study of spatial and temporal coherence
of thermally activated phonons unveils a unified description of
the wave-particle nature of heat conduction in solids. It reveals
the involved transport regimes by revealing characteristic
length scales indicating whether phonons behave like diffusing
particles or localized/delocalized standing waves. This duality
always coexists in any crystal due to the nonlinear character of
the interatomic forces. We have proposed a theoretical descrip-
tion of these phenomena and shown how both coherence can be
accounted for by extending the definition of the phonon disper-
sion relations and introducing both a complex frequency and
wave vector. Finally, the spatial coherence length provides an
additional degree of freedom to control heat properties in con-
densed matter via the wave nature of phonons, such as energy
localization in nanostructured and disordered materials [56].
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